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Experimental Tests of the Holographic Entropy Bound 
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Kovtun, Son and Starinets proposed a bound on the viscosity of any fluid in terms of its entropy 
density. The bound is saturated by maximally supersymmetric theories at strong coupling, but can 
also easily be challenged experimentally to within a factor of 10 already today. We argue that this 
bound follows directly from the generalized covariant entropy bound, bringing holography within 
the reach of experimental investigation. 
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I. INTRODUCTION 



Kovtun, Son and Starinets recently proposed Q that 
in nature the value [l2| 



4nk f 



6.08 x lQ- 13 K-s, 



(1) 



where r\ is the shear viscosity of a fluid and s its entropy 
density, plays a fundamental role. They showed that ide- 
alized systems, such as strongly coupled M = 4 super- 
symmetric Yang-Mills theory and similar theories in 3 
and 6 dimensions precisely realize this value, while they 
conjectured that in general it provides a lower bound. 
One can easily envision that this hypothesis could be 
tested experimentally in the near future. While for ex- 
ample water under normal conditions (298.15 K, atmo- 
spheric pressure) has a value of 2 = 2.3 x 10~ 10 Ks, 
for superfluid helium 4 He one can obtain values down 
to 2 = 6.20 x 10~ 12 Ks, only a factor of 10 away from 
the bound 0,0. 

What we will argue in this paper is that the viscosity 
bound can be thought of as a consequence of the holo- 
graphic entropy bound, or more precisely from the gen- 
eralized covariant entropy bound (GCEB) of Holo- 
graphic entropy bounds are believed to be a generic and 
fundamental property of any theory of quantum gravity, 
(see 0, or for a review). Roughly speaking, the 
statement is that the number of degrees of freedom in 
the universe don't scale as the volume of the universe, 
but only as its surface area. A precise version of this hy- 
pothesis, the Covariant Entropy Bound (CEB), has been 
formulated by Bousso Q • The GCEB is an even stronger 
version of this bound. 

So far all these bounds have been motivated by theoret- 
ical necessity. While many accept the CEB, the status of 
the GCEB even among believers is somewhat less clear. 
Experimental tests of the entropy bounds are in principle 
possible 0| . But one runs into the usual problem that 
current experiments are orders of magnitude away from 
testing quantum gravity. Showing that the GCEB im- 
plies the viscosity bound of would bring testing holog- 



raphy into experimental reach. We make the first steps 
into this direction. 



II. HYDRODYNAMICS AND VISCOSITY 

To understand the statement of the bound, we have 
to briefly introduce the basic notions of hydrodynamics 
and how it relates to strongly coupled systems with, fol- 
lowing the nice discussion in Hydrodynamics should 
be viewed as an effective theory, describing small fluctu- 
ations around equilibrium of a thermal system on length 
and time scales which are large compared to any micro- 
scopic scale in the system. The relevant hydrodynamic 
degrees of freedom are the conserved charge densities, in 
the simplest case just for the charges derived from the 
energy-momentum tensor, e = T 00 and ir l = T M . One 
equation of motion is just the current conservation equa- 
tion. In addition, one writes down the so called consti- 
tutive relations, expressing the fluxes of the conserved 
quantities (the spatial parts of the conserved currents) 
in terms of the hydrodynamic degrees of freedom. With- 
out any further input, one has to allow here the most 
general set of terms consistent with symmetries. Since 
hydrodynamics is supposed to be an effective theory of 
long distances and small fluctuations, one can systemat- 
ically perform a double expansion in powers of the fields 
and numbers of derivatives. To linear order in the fluc- 
tuations and to first order in derivatives, the constitutive 
relation for the spatial components of the stress-energy 
tensor in D spacetime dimensions reads 



5 ij (P + v 2 s Se) - 7c ^V-7f 



lr} vv + V%' - 



D - 1 



-V • 7? 



(2) 
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P is the equilibrium pressure. Se denotes the fluctua- 
tion in T 00 around the equilibrium value. For an equi- 
librium system in its rest frame, the momentum densi- 
ties are zero, so that the 7r's are already the first or- 
der fluctuations. The three transport coefficients, v 2 , j v 
and 7£ depend on the microscopic details of the theory. 
The terms linear in the momentum densities have been 
split into two independent tensor structures. The speed 
of sound v s and the bulk viscosity coefficient 7^ govern 
the propagation and diffusion of longitudinal momentum 
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FIG. 1: i) illustrates the CEB: all matter contained within the 
area A has to pass the lightsheet, and this is still true even if 
there are velocities and velocity gradients as in ii). However 
in the case of the GCEB, where we are only interested in 
entropy passing through the lightsheet from A to A' , matter 
inside both A and A' , that would not have been counted at 
rest can move into the lightsheet as depicted in iii). It is only 
in this case that velocity gradients give new challenges to the 
bound. 

fluctuations which form a coupled system with Se, while 
the shear viscosity coefficient j v governs the diffusion of 
transverse fluctuations with Se = V • tt = 0, which to this 
order decouple from the sound waves. Conventionally one 
refers to the corresponding quantities r\ = (e + P)jn and 
C = (e+P)7j as the bulk and shear viscosity respectively. 
They would appear directly in the constitutive relation if 
we were to linearize in velocities instead of momenta. In 
a conformal theory like maximally supersymmetric Yang 
Mills theory, the stress-energy tensor has to be traceless, 
implying that C = and v s = = . The beauty of the 
hydrodynamic description is that it applies to any sys- 
tem which acts like a fluid at long distances, even strongly 
coupled ones. For weak coupling rj can be calculated per- 
turbatively. For strongly coupled theories one has to find 
alternative techniques. As shown in at weak coupling 
2 >> 1, so that the bound only gets tested by strongly 
coupled systems. 



III. GENERAL STRATEGY FOR DERIVATION 
OF THE BOUND 

In order to understand how viscosity could appear in 
holographic entropy bounds, let us briefly recapitulate 
how gravity enforces such bounds. If we had a fluid in 
flat space at rest with a finite entropy density, one could 
obviously violate the bound. The bound states that the 
entropy passing the lightsheet, which is constructed by 
emitting lightrays from the boundary of a given volume 
element inward, should be less than the area divided by 
AGh. For a volume element of the fluid in flat space, 
the whole fluid enclosed in a given area passes the light- 
sheet, so that the entropy should scale with the volume 
by the assumption that we have a finite entropy density. 
The way gravity avoids this conflict is that it makes it 
inconsistent to have such a fluid in flat space. The en- 
ergy stored in the fluid will curve space-time sufficiently 
to rescue the holographic bound. 




FIG. 2: A large droplet of fluid, out of which a small vol- 
ume element gets sampled by a lightsheet starting at B+ and 
terminated at 



Viscosity becomes important, once the fluid has non- 
trivial velocity profiles. For the CEB, it does not seem 
to matter much whether the fluid is in motion: focus 
on a certain volume element of fluid. No matter what 
the velocities are, the whole fluid will eventually pass the 
lightsheet. On the other hand, no particles that where 
originally outside the volume can move inside fast enough 
to be counted by the lightsheet, since they are slower 
than light. The situation however is quite different for 
the GCEB. Here we are dealing with lightsheets that ter- 
minate, and the entropy is bounded by the area the light- 
sheet emanates from minus the area in which we chose to 
terminate it. Parts of the fluid that start out inside but 
sufficiently close to the spatial location at which we chose 
to terminate the lightsheet will be able to move outside 
the region before the light arrives there and avoid to be 
counted. Similar, fluid that starts outside the region we 
want to sample can move inside and might lead to a vio- 
lation of the bound. This situation is sketched in Fig^ 
As before, it is gravity that has to censor any possible vi- 
olation. What we need is that velocity profiles lead to a 
curved spacetime, in which the lightsheet gets sufficiently 
modified. This is precisely where viscosity enters: from 
the constitutive relation we see that viscosity tell us how 
much stress T^- we have in a fluid once we turned on the 
velocity profile. And by Einstein's equations this stress 
Tij will turn on spacetime curvature Rij . In order to not 
violate the bound, the backreaction has to be sufficiently 
large, that is for a fluid with given entropy density, the 
viscosity is not allowed to become too small. In the next 
section we will show how this works quantitatively. 



IV. DERIVATION OF THE VISCOSITY BOUND 

A. Review of Bousso's Derivation of Bekenstein's 
Bound 

In Bekenstein's bound on the entropy of a mat- 
ter system was derived from the GCEB. The setup used 
there can easily be generalized to apply to the case of 
a fluid in motion. Consider a large region of spacetime 
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occupied by a fluid. We are interested in the entropy 
contained in a volume element bounded by surfaces B + 
and B-. A lightsheet (a null-hypersurface generated by 
non-expanding light-rays) enters the volume element at 
B + and exits at B-. The GCEB states that 



S < 



A(B + )-A(B-) 
AG 



(3) 



where S is the entropy passing through the lightsheet, 
and A(Bi) denotes the area of the corresponding surface. 
For simplicity we will work with rectangular surfaces as 
depicted in FigJ2J but the result is independent of the 
shape, since the areas involved do not change if we deform 
B± along the lightsheet. As in we chose the lightsheet 
to be given by the set of parallel light rays obeying 



x 1 ; (x 2 



„D-1 



) arbitrary constants. (4) 



These are null geodesies in flat space. For the same rea- 
son that the area is invariant under deformations along 
the lightsheet we actually have A(B + ) = A(B-) and the 
entropy seems to be zero. In order to get a non-vanishing 
area difference we have to take into account the backre- 
action of the matter system. Due to the stress energy 
of the fluid, non-trivial curvature R^ v will be turned 
on, and the above hypersurface will neither be null nor 
geodesic. However, for weakly gravitating systems, there 
will be a close by null geodesic lightsheets. uses two 
such close by lightsheets, one that starts in B + but misses 
B- , and one that ends in B- , but does not start at B+ . 
Plugging those into eq|3 one obtains the following bound 
(fi=l): 



S < 7r Ax / dx 



. dxi 



dx i Tnu k^k , 



(5) 



where k ttv = (1,1,0,0) is a tangent null vector to the 
lightsheet. For the volume element of our fluid the rhs 
evaluates to 



W(e + P)Ax. 



(6) 



What will be important in this expression later is that 
it is proportional to Ax, so that the equilibrium con- 
figuration will lead to zero entropy in infinitesimally 
thin spatial slices. In |ij it was further observed 
that if one were to chose a lightsheet that includes 
the whole region of spacetime occupied by the fluid, 
J dx2---dxo J x dxiT^k^k 1 " just evaluates the total 
ADM mass of the fluid in its rest frame and one can re- 
cover the conventional form of Bekenstein's bound |10| . 
S < itMAx. 



B. Letting Things Flow 

In order for viscosity to enter the game we have to al- 
low for motion of the fluid. Consider a fluid as described 



above, but turn on a perturbation away from equilibrium 
which at t = has the following momentum density pro- 
file: 

tti(x , t = 0) = -sgn (xi - Ax/2) ■ (e + P) ■ v (7) 

where e and P are the equilibrium values of the energy 
density and the pressure. 



v < 1 



(8) 



is the velocity at which the fluid is moving with respect to 
the restframe of the equilibrium system (which has to be 
less than the speed of light). Strictly speaking, as vq ap- 
proaches 1 (or if we go out to large values of x 2 ), we would 
have to use relativistic hydrodynamics instead and, in ad- 
dition, are no longer justified to neglect the higher order 
perturbations in the constitutive relation. So our deriva- 
tion of the bound only applies to non- relativistic systems, 
even though we expect the bound to be also true in the 
relativistic case. 

We have set up the system in such a way that the 
fluid at negative X\ is moving to the right (in vane trying 
to escape the lightsheet), while the fluid at positive X\ 
is moving to the left (rushing into the lightsheet). In 
addition we turn on 

n 2 (x, t = 0) = 28{x x - Ax/2) ■ x 2 ■ (e + P)v (9) 

so that 



V • 7? = 9l7Tl + 927T2 = 



(10) 



and we are dealing with a purely transverse fluctuation. 
The linearized hydrodynamics can be solved in this case 
and the full time dependent solution is obtained by hav- 
ing the stcpfunction diffuse with diffusion constant 7^, 



tti (x, t) ~ erf (- 



Ax/2, 



(11) 



In order to calculate the maximal entropy density al- 
lowed within the lightsheet bounded by < x\ < Ax, we 
follow the same logic as in the derivation of Bekenstein's 
bound and find once more 



dx 2 ... dx D Ax J dx l T ab k a k b (12) 

(13) 



7r / cfei(Too + 2T i + Tn) 
Jo 



The equilibrium values on the right hand side as before 
yield s eq . = 7rAx (e + P). In the same way, the contri- 
bution from T01 gives an integral over the momentum 
density it. The way we set up the profile and the light- 
sheet geometry, the net momentum in our lightsheet is 
actually zero. But even in a more general configuration, 
the Xbi term will always give an integral over the local 
momentum density and vanish as we take Ax to zero, 
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which as we will soon see is all we need. Last but not 
least let's calculate what we get from the linear perturba- 
tion 5Tn in the Tn piece. From the constitutive relation 
eq|21we see that 

<5T u = -27,»i7ri(f,t) (14) 
and on the right hand side we get a contribution 

/•Ax 

s < s eq . + 7r4uo?7 / dxx8{xx — Ax/2). (15) 
Jo 

We have neglected the fact that the delta function dif- 
fuses while being sampled by the lightsheet. Since total 
momentum is conserved under diffusion, the integral over 
the full delta function gives an upper bound on the inte- 
gral of the time dependent solution^] 

The important thing to note is that the viscosity term 
enters via an integral of a delta-function. We only get a 
surface contribution from the boundary of the lightsheet, 
the result is independent of Ax. Since the bound has to 
be satisfied for arbitrary lightsheets, it has to be true for 
lightsheets with infinitesimal Ax. In this case the bulk 
contributions, that is both the equilibrium contribution 
as well as the integral over the momentum density Toi, 
drop out [la] . Using further j) < 1 we obtain the viscosity 
bound of 0, s < Airr) . 

V. INTERPRETATION AND FUTURE 
DIRECTION 

Should one really interpret the viscosity bound as be- 
ing some subtle imprint of quantum gravity on properties 
of macroscopic systems? For a somewhat more conserva- 
tive point of view to read our results, recall the connec- 
tion between Bekenstein's bound and the GCEB: the hy- 
pothetical holographic bound, involving both Newton's 



constant G and Planck's constant h gets combined with 
formulas of classical general relativity involving only G 
yielding a bound that only involves h and turns out to 
basically correspond to Heisenberg's uncertainty princi- 
ple. While one could read this as "Holography implies the 
uncertainty principle" a more conservative way to read 
this result is to say: once we chose to deal with quan- 
tum gravity, we obviously also have to treat the matter 
fields quantum mechanical, and the usual rules (includ- 
ing the uncertainty principle) will apply. Latter can be 
understood without ever appealing to quantum gravity. 

In the same spirit we think one should read the vis- 
cosity bound. The GCEB can be used to derive a prop- 
erty of macroscopic systems, which presumably can also 
be derived by other methods. The reason it had not 
been obtained earlier is that it is a strong coupling phe- 
nomenon. As shown in lj, in a weakly coupled field 
theory, 2 >> l. The supersymmetric models saturating 
the bound are formally at infinite coupling, and the only 
reason one was able to compute - is that they have a 
weakly coupled gravity dual. Still, the viscosity bound 
can be challenged experimentally, and any experimen- 
tal test automatically becomes a test of the GCEB. For 
the future it might be very interesting to study in the 
same spirit non- vanishing chemical potentials or charged 
fluids in background fields. Most likely one can derive 
bounds similar to the viscosity bound from the GCEB 
that govern the behavior of other transport coefficients, 
giving even more opportunities to probe the GCEB in 
the laboratory. 
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